Abstract. We prove that for any finite-dimensional ring R and n ≥ dim R+2, the group E n (R[X]) acts transitively on Um n (R[X]). In particular, we obtain that for any finite-dimensional ring R, all finitely generated stably free modules over R[X] of rank > dim R are free. This result was only known for Noetherian rings. The proof we give is short, simple, and constructive.
Introduction
In 1955, J.-P. Serre remarked [15] that it was not known whether there exist finitely generated projective modules over A = K[X 1 , . . . , X n ], K a field, which are not free. This remark turned into the "Serre conjecture", stating that indeed there were no such modules. Proven independently by Quillen [12] and Suslin [17] , it became known subsequently as the Quillen-Suslin theorem. The book of Lam [5] is a nice exposition about Serre's conjecture which has been updated recently in [6] . An important related fact worth mentioning is that it was known [16] well before Serre's conjecture was settled that finitely generated projective modules over A are stably free; i.e., every finitely generated projective A-module is isomorphic to the kernel of an A-epimorphism T : A n → A . In that situation the matrix T is unimodular; that is, the maximal minors of T generate the unit ideal in A.
Quillen's and Suslin's proof had a big effect on the subsequent development of the study of projective modules. Nevertheless many old conjectures and open questions still await solutions. Our concern here is the following two equivalent conjectures. [5, 6] .
Hermite ring conjecture (1972)

Conjecture 1. If R is a commutative Hermite ring, then R[X] is also Hermite.
Conjecture 2. If R is a commutative ring and v
Recall that a vector t (b 1 , . . . , b n ) over a ring R is said to be unimodular if b 1 , . . . , b n = R. The set of such unimodular vectors will be denoted by Um n (R). A ring R is said to be Hermite if any finitely generated stably free R-module is free, or equivalently (the equivalence holds constructively as well; see [9] ) if any unimodular vector over R can be completed to an invertible matrix [5, 6] . Examples of Hermite rings are local rings, rings of Krull dimension ≤ 1 [2, 6] , univariate polynomial rings over rings of Krull dimension ≤ 1 [19] , polynomial rings over Bézout domains [4, 7] , and polynomial rings over zero-dimensional rings [4, 6] . Here it is worth pointing out the following precise criterion for the freeness of finitely generated stably free modules over a ring R in terms of unimodular vectors (this also holds constructively as above): For any ring R and integer d ≥ 0, the following are equivalent:
(i) Any finitely generated stably free R-module of rank > d is free.
(ii) Any unimodular vector over R of length ≥ d + 2 can be completed to an invertible matrix over R.
In this paper, we give a positive partial answer to the Hermite ring conjecture. We prove that for any ring R with Krull dimension ≤ d, any unimodular vector over R[X] of length ≥ d + 2 can be completed to an invertible matrix over R[X] and, more importantly, the completion can be made using elementary matrices. In particular, we obtain, without any Noetherian hypothesis, that for any finitedimensional ring R, all finitely generated stably free modules over R[X] of rank > dim R are free. More particularly, this gives a positive answer to the Hermite ring conjecture for rings with Krull dimension ≤ 1. The proof we give is short, simple, and constructive. It relies heavily on the very nice paper [14] of Roitman. This result was known only for Noetherian rings (see, for example, Theorem III.3.1 of [6] ).
Although the proof we give is constructive, we will not use the "constructive" vocabulary as in [9] or [10] in order to lighten the exposition. For instance, in Lemma 2, for the purpose of obtaining a "fully" constructive formulation, one has to replace "degree" by "formal degree". Recall that the formal degree of a polynomial f (X) ∈ R[X] is if f (X) has no coefficient of degree > (note that one does not guarantee that deg f (X) = as it is not necessary to suppose R to be discrete; i.e., there is a zero test inside R).
Let us fix some notation. We call an n × n matrix elementary if it has 1's on the diagonal and at most one nonzero off-diagonal entry. More precisely, if a ∈ A and i = j, 1 ≤ i, j ≤ n, we define the elementary matrix E i,j (a) to be the n × n matrix with 1's on the diagonal, with a in the (i, j)-slot, and with 0's elsewhere. In other words, E i,j (a) is the matrix corresponding to the elementary operation L i → L i + aL j . E n (A) will denote the subgroup of SL n (A) generated by elementary matrices.
All rings considered are unitary and commutative. The undefined terminology is standard as in [6] , and, for constructive algebra in [9, 10] .
Elementary completion of unimodular vectors over R[X]
of length ≥ dim R + 2
Let us begin by a first lemma, which has been proven constructively in [19] . The following three lemmas were already proved constructively by their authors.
Lemma 2 (Roitman, Lemma 3 of [14] ). Let R be a ring, and
Proof. This can easily be done by way of division by increasing powers using the fact that f (0) ∈ R × . Recall that the Krull boundary ideal of an element a of a ring R is the ideal I(a) of R generated by a and all the y ∈ R such that ay is nilpotent. Moreover we have the following equivalence:
(this defines the Krull dimension recursively initializing with "dim R ≤ −1 ⇔ R is trivial") [3] . Now we reach our main result.
Theorem 5. Let R be a ring of dimension ≤ d, n ≥ d + 1, and let v(X)
Proof. By the stable range theorem (see [2] , Theorem 2.4 for a constructive proof), for any w ∈ Um n+1 (R), there exists M ∈ E n+1 (R) such that M w = t (1, 0, . . . , 0). So, it suffices to prove that there exists E ∈ E n+1 (R[X]) such that E v(X) = v(0). For this, by the local-global principle for unimodular vectors over R[X] under the action of the elementary group E n+1 (R[X]) for n ≥ 2 (see E n -Patching Theorem for Unimodular Rows 2.3 [6] (page 211) of which a constructive version can be obtained using the same ideas as in Lemma 22 and Concrete local-global Principle 23 of [8] ), we can suppose that R is local. Here it is worth mentioning that the constructive local-global principal says that it suffices to prove the result constructively in the case of a "residually discrete" local ring R, i.e., a local ring R in which the disjunction
is explicit. Besides, it is clear that we can suppose that R is reduced. Let N be the (formal) degree of one of the v i 's such that v i (0) ∈ R × . We prove the claim by double induction on N and d, starting with N = 0 (in that case the result is immediate) and d = 0 (in that case the result is well known).
We will first prove by induction on N that v(X) can be transformed by elementary operations into a vector with one constant entry.
Let N ≥ 1 and denote by m i := deg v i (formal degree). For the sake of simplicity, we may assume that v 0 (0) ∈ R × and N = m 0 . Let us denote by a the leading coefficient of v 0 . If a ∈ R × , then the result follows from a lemma of Suslin [17] (Lemma 2.3) . A constructive proof of this lemma is given in [11, 18] . So we may assume a ∈ Rad(R). By the induction hypothesis on N applied to the ring R/ a , we can assume that v(X) ≡ t (1, 0, . . . , 0) mod (aR[X]) n+1 (this hypothesis will be called H).
By Lemma 2 (considering a sufficiently large even integer 2k), we now assume v i = X 2k w i for some k ∈ N * , where deg w i < m 0 for 1 ≤ i ≤ n. By Lemma 3 (X being invertible modulo v 0 since v 0 (0) ∈ R × ), we assume m i < m 0 (note that hypothesis H is preserved when applying Lemma 2 and Lemma 3).
If m 0 ≤ 1, our first claim is established. Assume now that m 0 ≥ 2. Let  (c 1 , . . . , c m 0 (n−1) ) be the coefficients of 1, X, . . . , 
